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Abstract
Magnetic resonance angiography (MRA) was an imaging technique to show the blood vessels but suppress signals
from all the other tissues. There were two approaches to acquire an image of MRA. One was done in two-dimension
(2-D) by projecting the three-dimensional (3-D) vessels onto 2-D plane. The other was to directly obtain the complete
3-D information. The advantage of 3-D MRA was that one can view the data from arbitrary direction. However, the
scan time was usually very long for 3-D MRA. When the scan time was limited, we must use 2-D MRA and the depth
information was lost. The depth information could be partially recovered using stereoscopic angiography, i.e., acquiring
two 2-D images from different viewing angles. In addition to the stereoscopic views, stereoscopic angiography could
also be used to reconstruct the 3-D shapes of the vessels. However, 3-D reconstruction was used more frequently in
digital subtraction X-ray angiography (DSA). The main reason was that pixel intensity was directly related to the
integration of the attenuation value along the path of the X-ray in DSA. Therefore, we could derive the vessel shape by
solving the integrals from the two views. On the other hands, there were many imaging parameters in MRA (T1 , T2,
and proton density). Therefore, it was difficult to obtain the relation between the vessel shape and the pixel intensity.
For this reason, we attempted to reconstruct the shape of the vessels simply from the edge information of the two views.
We assumed that the shape of the vessel on every cross-section was an ellipse. Then, we developed an algorithm to
estimate the parameters of the ellipse from the boundaries of the projective images. A 3-D MRA data set was used to
test the capability of our algorithm. From these data, we made two projective images. The two projections were 30o
apart. We employed our algorithm to estimate all the ellipses and reconstruct the 3-D model of the vessels. Comparing
the boundaries of the original projective images with the boundaries of the reconstructed 3-D model, the average error
was 0.1011 pixels.

Keywords: Magnetic resonance angiography, Stereoscopic angiography, Three-dimensional reconstruction,
Blood vessel geometry

Introduction
Angiography was a technique to show the blood vessels.
Magnetic resonance angiography (MRA) [1, 2] achieved this
goal by designing imaging sequence to enhance the signals
from blood inside the vessels and suppress the signals from the
surrounding static tissues. A typical MRA image was shown in
Fig. 1. Because there were many parameters that we could use
in magnetic resonance imaging (MRI), there were many
methods for MRA, for example: time-of-flight MRA [3],
digital subtraction MRA[4], flow-independent MRA[5], and
phase-contrast MRA [6]. In terms of the dimension of the data
we acquired, MRA could be divided into two categories:
two-dimensional MRA(2-D MRA) and three-dimensional
MRA (3-D MRA). In 2-D MRA, the image was obtained as
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the two-dimensional projection of the three-dimensional
volume. The benefit of 2-D MRA was its short scan time but
the drawback was that spatial information on the third
dimension (depth) was lost. On the contrary, 3-D MRA
collected the whole three-dimensional data. There were two
ways to do so. One was by stacking thin slices into 3-D
volume. The other was by directly traversing the complete 3-D
k-space. Having the 3-D data, we could then project the 3-D
data to any angle we want to observe. The price we pay to get
this flexibility was the much longer scan time than that of 2-D
MRA. And, because of the long scan time, other motion such
as heartbeat and breath was very likely to cause artifacts in the
images. Therefore, 3-D MRA was difficult to use in regions
susceptible to the influence of motion.
In traditional X-ray imaging, stereoscopic angiography [7]
was invented to overcome the problem that 2-D angiography
lacks depth information. The theory of stereoscopic
angiography was simple. The original 2-D angiography was
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Fig. 1 A typical maximum-intensity-projection MRA image.
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Figure 2. A depiction of the coordinate system and the ellipse to be
estimated.

looking straight down the slice in the direction perpendicular
to the observed plane. By rotating the observation angle
slightly to the left and right, we created two images with
slightly different viewing angles. The result was a pair of
stereoscopic images in which we could differentiate the depth
of the objects. Although the scan time was doubled, it was still
short compared to 3-D acquisition. So, stereoscopic
angiography had the advantage of faster scan time while still
preserving depth information. Theoretically, we could recover
the depth information of the vessels from the two projections
at different viewing angles. For X-ray DSA, the pixel intensity
was directly related to the integration of the attenuation value
in the path of the X-ray. We could derive the vessel shape by
solving the integrals from the two views [8-18]. On the other
hands, there were many imaging parameters in MRA (such as
T1 , T2, and proton density). Therefore, it was difficult to
obtain the relation between the vessel shape and the pixel
intensity. In this paper, we proposed a new method to
reconstruct the shape of the vessels from the edge information
only.

Methods
3-D Reconstruction Algorithm
For the ease of discussions below, we used a coordinate
system where x was from left to right, y was away from
the viewer, and z was from top to bottom. The coordinate
system was independent of the projection angle. After rotating
θ / 2 angles to both left and right, two projections were taken
as the stereoscopic images.

The basic assumption we made was that blood vessels
were all circular tubes. One might argue that this was a very
restrictive assumption. However, we believed that the
application of the 3-D reconstruction algorithm was to aid the
radiologists to make decisions on how to do additional scans
instead of using it for diagnosis directly. Therefore, although
the assumption might not be true in general, it provided a
foundation to estimate the 3-D model quickly and should be
useful in practice.
Furthermore, we assumed that the blood vessel was not
tilting from the z -axis for more than 45 degrees. When a
vessel did not match this constraint, we could rotate the
coordinate system to make it satisfy this assumption. When a
circular tube was tilted, its cross section became an ellipse.
The goal of the algorithm was to reconstruct the ellipse from
the edges of the two stereoscopic images. Before discussing
the reconstruction algorithm, we needed to establish some
basic mathematical relationships between the ellipse and its
projection.
1. Expressing an ellipse in matrix form:
An ellipse with its center at the origin could be expressed
as follows [19]:
[x y ] X

−1  x 

X

 
 y

=1

(1)

where X was a 2×2 positive semi-definite matrix,
A

X =

B

B
D

(2)

2. Relationship between the projection length and the matrix
form:
Let vector C be an orthonormal basis for the projection
plane. The relationship between the projection length and the
matrix X was as follows [20]:
C T = [u v]
(3)

Y = CT XC

(4)

If we let the projection length of the ellipse be L, Y was
equal to (L/2)2. The easiest way to appreciate this result is to
consider a circle where A must be equal to D. For the circle, it
could be easily seen that Y was the square of the radius.
Plugging Equation (2) into Equation (4), we could obtain
the relationship between X and Y as below:
Y = Au 2 + 2Buv + Dv2

(5)

With the above equations, we could now consider how to
reconstruct the ellipse from projections. The task was
essentially to find the center of the ellipse: x0 and y0, the length
of the long axis and short axis: a and b, and the angle of
rotation α. These five parameters were shown in Fig. 2. We
could describe the algorithm to find the five parameters from
the two projections in three steps:
Step 1: Deriving the center of the ellipse:

Let xL1 and xL2 be the two edges from the left view. Let
xR1 and xR2 be the two edges from the right view. The center of

the ellipse was the intersection point of the two lines which
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tube as shown in Fig. 4. Let ϕ be the tilting angle. We knew
that
a / b = (sin ϕ )−1 .
(7)
With the above relationship, we needed a second equation in
order to solve for a and b. Given the rotation angle α obtained
from step 2, we could write the elliptical equation as follows:
 x ′ = x cos α − y sin α

 y ′ = x sin α + y cos α

( x ′ ) 2 + ( y ′ )2
a2

Figure 3. The relationship between adjacent slices. P and Q are the
center of the two ellipses.

b2

(9)
(10)

=1

Plugging Equation (9) into Equation (10), the resulting
equation was equal to Equation (2) and we could equate the
corresponding coefficients in the two equations to obtain the
following simultaneous equations:

(

A = a2 − a2 − b2

(

D=b

2

α

)cosα sin α
+ (a − b )sin α

2

B = − a −b
2

)sin

2

2

2

2

(11)

Since the two projections were symmetric, the unit vector
of the right projection plane was C T = [u v] and the unit
vector of the left plane was C T = [− u v]. From Equation
(5), we could obtain the following two equations for the
projection length.

Figure 4. Tilting angle

ϕ

Yr = u 2 A + 2uvB + v 2 D

Yl = u 2 A − 2uvB + v 2 D

and two adjacent ellipses.

were coming from the middle points of the two views and
y 0 be the
perpendicular to the projection planes. Let x0
center. Then,
and

x
+ x Lm

x = Rm

 0
2 ∗ cos θ

 y = x Rm − x Lm
0

2 ∗ sin θ


(6)

Step 2: Deriving the rotation angle

α

:

Given the two pairs of edges in the stereoscopic images,
there were infinite sets of ellipses that satisfied the constraints.
If we looked down from the z-axis, it could be observed from
Fig. 3 that the rotation angle of the ellipse was equal to the
angle of the vector formed by connecting the center of the two
ellipses on adjacent slices. Let α be the rotation angle, (x1, y1)
and (x2, y2) be the centers of the two adjacent ellipses. We
could write the following relationship:
y − y2
α = tan −1 1

(8)

x1 − x 2

a
b
Since the ellipse we were estimating was resulting from a
tilting circular tube, the length of the short axis b was equal
to the radius of the circular tube. In the mean time, the long
axis could be obtained from the tilting angle of the circular
Step 3: Deriving long axis

and short axis

:

(12)

where Yr was a quarter of the square of the right projection
length and Yl was a quarter of the square of the left
projection length. Yr and Yl could be estimated from the
edges of the projection vessel.
From Equation (12), we could obtain the following two
equations:
(Yr − Yl)
B=
(13)
4uv
u 2 A + v 2 D = (Yr + Yl ) / 2

(14)

Combining the Equations (7), (11), and (14), we obtained the
following simultaneous equations.

(
(

)
)

 A = a 2 − a 2 − b 2 sin 2 α

2
2
2
2

 D = b + a − b sin α

u 2 A + v 2 D = (Yr + Yl )/ 2

−1

a / b = (sin ϕ )

(15)

Solving the above equations, we could obtain A and D.
Substituting A, B, and D in X (Equation (2)), we could find the
eigenvalues and eigenvectors of the matrix X. The maximum
eigenvalue corresponded to the square of the long axis a and
the direction of eigenvector was the direction of the long axis.
Meanwhile, the minimum eigenvalue and its eigenvector
corresponded to the square of the short axis b and its direction.
Consequently we could successfully reconstruct the ellipse.
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Figure 5. Stereoscopic MRA images: (a) left, (b) right.
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Figure 6. Detected edges of the (a) left view and (b) right view.

Results

Figure 7. The reconstructed 3-D blood vessels
Edge Detection

Since the above algorithm required the edges of the two
projections as the input, we used a graph-searching method [21]
to detect the edges of the vessels. The projection was first
processed by Sobel operator [22]. The processed image was
used as the weights of the edges. The starting point and the end
point of the vessel edge was then marked by a human operator.
From the starting point to the end point, a path that maximized
the sum of the weights was searched and taken as the inputs to
the reconstruction algorithm.

We used a 3-D MRA data set to test our algorithm. The
3-D data were acquired by stacking slices together on a 1.5T
MRI scanner (GE Medical Systems, Milwaukee, Wisconsin).
The scanning parameters were field-of-view: 40×40 (cm),
resolution: 256×256 (pixels), slice thickness: 8 (mm), and total
number of slices: 50. The x - z plane is on the imaging
plane and the y axis is along the direction where slices are
stacked. The data set was projected along the y direction by
rotating 15o left and right. The stereoscopic images were
shown in Fig. 5.
The vessel edges were automatically traced out using the
method previously discussed. Since the detected edges were
integer values and looked a little jagged, we smoothed the
edges with a hamming window of width 7. The vessel edges
after smoothing were shown in Fig. 6.
We used the vessel edges to reconstruct the 3-D vessel
shape. The reconstructed vessel was displayed in 3-D using
OpenGL and was shown in Fig. 7. The reconstructed vessel
was re-projected back to the original planes and compared to
the input edges. The comparisons were shown in Fig. 8.
Subtracting the re-projected edges with the input edges
and taking the absolute value, the error was 0.1131(pixels) for
the left view and 0.0957(pixels) for the right view. The
average of the absolute difference was approximately
0.1011(pixels).
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Figure 8. Reprojection of the reconstructed ellipses: (a) the left view, (b) the right view.

Conclusion
From these results, we had successfully demonstrated the
reconstruction of 3-D vessels from only the edge information
of the stereoscopic images. There were two directions to
improve the current results. Since the reconstruction results
depended heavily on the edge detection, improving the edge
detection algorithm was a very important area for the future. In
the mean time, how to reduce the error of the reconstructed
vessels was also a very important direction for future research.
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